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ABSTRACT

By use of the continuum theory of mixtures, a theory is presented

for elaftic conductors. The ionic lattice and electronic gas as

separate continua constitute the members of the mixture. Balance laws

and jump conditions are given, and a set of properly invariant consti-

tuti-: equations are obtained and linearized. The field equations are

solved for a problem of electrostatic probe, namely, a charged spherical

eavity in a solid plasma.
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1. INTRODUCTION

In recent years, a revival of interest has reopened research .n the

field of electromagnetic elastic solids. Besides growing technologLcal

importance, certain fundamental questions hitherto unresolved gave impetus

to these studies. Among them are the rature of electromagnetic force,

energy, and the questior of invariance of the constitutive functions.

In continuum theories, nuclidean invariance and the principle of objectivity

are taken as fundamental, while in electromagnetic theory, the Lorentz

invariance is basic. For deformable bodies subject to electromagnetic

fields, a unification and reconciliation of these two points of view was

necessary (cf. Grot and Eringen [1], Jordan and Eringen [2], and Walker [3]).

In these works, a continuum was assumed to posress no electron inertia,

so that the electromagnetic force on the current was transmitted directly

to the solid continuum. In reality, in fact, the force acting on the

current is transmitted to a solid continuum through momentum transferred

by the electrons.

me

In a recent work [4], we presented a continuum theory of chatged

mixtures capable of diffusion, ionization, and recombination. In this

work, the effect of the diamagnetic property of electrons and ions was

also included. Here we consider a mixture composed of polarizable and

magnetizable conductors and an electron gas continuum that possesses

inertia.

Theory developed here is believed to have potential application in

the discussion of electrical charges in solids in particular in lightening

damage, although the latter problem requires the inclusion of thermal

effects, in the discussion of near fields.

4-J
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2. BALANCE EQUATITONS

The balance equations of a mixture composed of an elastic conductor

and an electron gas continuum may be obtained as a special case of

equations (2.1) to (4.6) of reference [4],with the constraints that

C =0 , A =0 , a= e,s

(a) -(a)

(2.1)

P) =0 , ,(a = , 0 e

where C(a) and A(a) are respectively the mass production (or destruction)
polarization cransferand the rate of is the partial polarization, and M

is the partial magnetization of species a which takes the vaities s and e

associating the fields, respectively, with the ionie lattice and electronic

gas continua. The balance laws and jump conditions are:

M() Conservation of Mass:

(2.2) !L + div(P( e(a)) =0 in -V
a)(t -

(2.3) -[(a)v~a ) n =0 on a

where D(a)) -(o) are respectively ?he density and the velocd ty of the a th

species, and u is the velocity of a moving discontinuity surface a with

exterior normal n.

(ii) Balance of Momentum:

(2.4) t + g(a) + (a) +(a) (a) (a) R in )

k k,' 9 k(2.5) [p () (V( - U IV) t In Roc

(a (a-a- ;) o

LA
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k -
•with R and. R subject to

k~ An Ik ~(2.6) ) () R~a =0 =0

a () 0 a (aL)

where ,f R ) Rt.) and g,• are respectively,the stress tenz, r,

mechanical body force, the linear momentum transfer in volume V(a) - a

and on the surface a, and the body force due to electromagnetic origin

defined by

(S) (S) (s))m *j Bk (s) kSgi q(s)Ei + Ei;m (s) + C ijk(s) + " ;i

(2.7)
(e) (e)

(e) i

(Here q(a) -(a)B -(a) and are respectively the charge

density, effective electric field, magnetic field, magnetizations

polarization, and the convective time rate ef polarization defined by

(a) c

(2.8) *i i (ai
P(a) ( (a) + P(a) r;r (a) V(a);j

Throughout this work, a semi-colon is used to indicate the covariant

partial differenziation and a superposed prime the material derivative of

tensor fields following the motion of the a th species.

(iii) Balance of Moment of Momentum:

)kZ k +km(G(a) +T(a)(2.9) t(P) - tIa) +krm(Ga +m ) =0 nV~a -a
ta) ta) m M-(

(2.10) ik 0o



wihk an^kwh T (a) anid T (a) subject to

(2.11) T 0 T 0

a(ai) a(ai)^ ,k
where T(a)' T(,), and G(,) are respectively the rates of angular

momentum transf-er in volume V(,)-a and on the surface a and the

electromagnetic couple tafined by

'2Al2, G +P x +M B G ~0
"•-(s) (S) (s) +(s) x (e)

(iv' t-,.=,ervation of Energy:iik2 (S) (S ~' Is AB(2.13) P(s)C(s) t (s)V X;k + O(s)Ei ( CS)

1 z(es) +q+kh ++ 20 R u + q(s) ;k C(s) h(s) Ces) (

, k((2.14) e k (e) + 1 Rk (es) k + +

P(e)C(e) t(e)V ;k 20 (e) U + q(e);k + (e)h(e) ee)20e) ,

12 k k kk (a) k = e a
-(cia) Cci) 2 I (ci) Cc) u IO, - (i)-k e(

where ej.) and e are subject to

(2.2) e = ,e( 0 ) e 0

Here c h(a), !(,), e(a) and are respectively the internal

energy density, volume heat supply, surface heat flux, and the values

of the rate of energy transfer in volume V -c and on the surface a

of the a th component. (i

½- - -A
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(v) Principle of Entp.:y

k

0((a)

k
(IT18) k () k+ >0 ono

(2.18) [P(a)n(-a)((a/-() n(a)

where n (a) and n,(a) are subject to

(2.19) n(a) >0 ^fl(a)=
aa

Here T1(a), n (a) and U t(a) are respectively the entropy volume density

and the rate of entropy transfer in volume V(a) -o and on the surface

o of the a th component.

For convenieuce we introduce tie following Legendre transformation

M *B '•', - (s) °(•n +
VS-Cs (S) P (S)

(2.20) - (e)n e
•(e) = c(e) "e

Carrying (2.20) into (2.17) and eliminating the P(a)h(a) from (2.17),

by use of (2.13) and (2.14), we obtain a new form for the energy inequality

2(s) (ni +( (s) 1 (s) +1 i(s) it) (S)

() +(s) 
oSEB0(S) s s)' (S) (Ss)0 (s)•; + (S)-

Zk ( (s)

+ 1 _L R + +.+n(s) 0_0
(2•() (e)U. + 2 (s) a

(2.22) "L )" 0' 'tki (e) I (es)

-(e) (e) (e) + (e)) + 01 (e) ;k e (e) s'

(k (e) e

2 0 (e)
(e)

A?~-



-7-

Here t-(S) is defined by

(2 23) t t + ((s) E +(S) (S) -(s) - +Ms)

kZ
where g is the metric tensor of the spatial frame of reference x.

These inequalities must be valid for all independent processes.

(vi) Electromagnetic Field Equations:

(2.24) V x E + - = xn(2.2)cVx + =° , [El xn+-[Blu- n=o

(2.25) V xH = +-J, [ x n 4n T
S+- a'[H] xnm-[Dlu'n+-J

~ Ct ~ C c~~ C~

(2.26) V D 47rq , [D] n 4nq

(2.27) B 0 , [B] n 0

where E, D, H, B, J, q, J and q are respectively the electric field,

electric displacement, magnetic field, magnetic induction, and the

values of the current and charge in volume V-a and on the surface of

discontinuity a.

These quantities are related to each other by

D =_ E + 4Ps) , B 4(M + x P
-()I() c -(s)

(2.28) J E q(s)V(s) + q Wy(e)

q 5 q(s) + 1(e)

¾2

-- ~- ~ ~ ~ -~%-
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3. CONSTITUTIVE EQUATIONS

We select velocity, magnetization, and polarization of a solid as

well as the density of electron gas and the first gradient of deformation

of an -lastic solid continuum as independent constitutive variables, i.e.,

k
k k 3x(3.1) v (0,P X 8() (s) (s)" J K XK' ~(e)' (a)

(s)

The dependent variables are:

kZ k kI , • k'
(3.2) t1 a) T R)aa)e,)' ) s e(,)k n(,)

14

The constitutive equations that obey the principle of equipresence

have the following functional forms,

(33 kZ = kX k Mk( k

(c) (a)(P(e)' 0($), U(es), (s)' s)' K

similar forms being valid for other constitutive variables.

The local Clausius-Duhem inequality imposes the following restric-

tions on the free energies

kS•~(s) = (s)(°(s)' P(s)' M(s) ' , K

(3.4)

(e) = (e) (e)' P(e)

Substitutiop of (3.4) into (2.21) and (2.22) yields
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O(s) (s(s) + eO (s) + s) (s) - '(s) -xpK )v I;k

(s)5 (s _1_ ',KI_- s

aaT+ -( "Is- ~)-". s)• - •
S(3.5)) 1 (B - P(B) L(s)'t

Si (s)P

k (S)

+ I R (es) +02es •(e)U E 02 61 " s)
02 (s n(s)(s (s)

A similar form may be given for the electron contiuu.'q.

Further simplification of (3.5. can be accomplished if we note

that v X.' 'i ,M.i and 6 kmay be varied arbitrarily. The necessary

and suZ2fcient conditions for the inequality (3.5) to be vaild for all

arbitrary variations of these quantities is that the coefficients of these

quantities must vanish, i.e.,

(3.6) n(a) = ,c= a e,s

Sk 2 ( k9.

(e) =-P(e) (e)

(3.7)

I;T

(s) P(s) ;x9,K (P * + M(s) (s )

(3• (s) = (S) (s) P = (s) (xs)
Pk5

subject to

(3.9) kim' ap(s) P((L) + H.(s)(s) X., 'K

dnk i.c,

At this point, a remark is in order: Since we are dealiuZ with

the dynamics of deformable elctromechanical materials, then a question¥



arises as to whether the free energy density is invariant under trans-

formations of the spatial frame of reference or not. Clearly, it is

ritunless one replaces P and M. b yP1r n t hr k n
ot(S) (S) (S) (s r (S)adk

Al( are respectively the values of polarization and magnetization

measured on the coordinate frame moving with material body. However,

the eiergy equation is written in terms of P and M) therefore,

such a replacement is not suitable because of the restrictions imposed

by the second ia of thermodynamics. Another way of handling this

difficulty Is to introduce a fictitious rate of electromagnetic momentum

so as to obtain an energy equation written in terms of Pk and M
(S) (SY

The electromagnetic momentum so introduced is not unique and requires

modification of Cauchy's law, thus opening new questio:.s.

As a result, th" question of invariance requirements for deformable

bodies subject to electromagnetic fields is still an open question and

must be studied separately. In this regard, we refer the readers to

works by Dixon and Eringen [5] and Toupin [6] wnO event-1lv used similar

formulations that we employ here. The present fornr-lation is certainly

applicable for cases where the cobponent of the magnetic flux perpen-

dicular to the particle velocity is very small as compared to the

component parallel to the particle velocity.

Carrying (3.6) to (3.9) into (3.5), the 4nequalities (3.5) are

simplified to

(3.10) _!20 (e ) L 0 o
,(e) e (e) e) --

.4

20 (e)Z eis) (s) -0
(S) S
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The principle of objectivity requires that Ts must have the following
(S)

form

(3.12) ?Cs) = E' , E)

where EKL , PK ' and are defined by

kc
2 EKL I 1Xx KL

(3.13)
K k KX

PK 8EktK(s) = gkX,KM(s)

Here EK is the Lagrangiart strain tensor defined on the material coordinate
KL

K
system X whose metric tensor is GKL. The constitutive equations for the

stress tensor, •±ectric field, and magnetic flux now take the forms

=k •s k +EZ k z Bk Zt(S) P P(S) 3 L x 9K x 9L + S) P (S) + BM (S)

(3.14)
- (P(s)'E(s) + s) g k.

(3.15) B(S) P(s) aPK ",K B P(s) k• XK

Here, it is seen from (3.14) that the condition (2.9) is satisfied if

(3.16) T k a ,,

From this general formulation, various order constitutive equations

may be obtained. In particular for isotropic c.aterials, the st-ess tensor,

electric and magnetic fields can be expressed in terms of certain invariants
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of independent state variables. Such a case has been given by Grot and

Eringen [i] for a single medium, therefore we do not repeat them here. In

what follows we will be interested in the linear constitutive equations.

g I
[ I

1 •
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4. LINEAR CONSTITU.IVE EQUATIONS

For the linear constitutive theory, the difference between material

and spatial coordinatee may be disregarded. In this case, the constitutive

eqtiations prtoented in (3.14) to (3.15) reduce to

(4.1) t (S + s)ke -(PBE(

kkk
(4.2) k B Bk

E(S) =P(S) p(S) '(S) (S)•s

k9

Here, the infinitesimal strain tensor e is defined by

(4.3) ek" (uk;+u9,k)

where u is the ditplacement vector.

For linearly isotropic materials, we express the free energy of

solid zontinuum as

(4.4) (er)2 P 2 12
=S) r e-•s) ek? 2p(s) 2(s) (S).2p(s)(- 

(s)

where X , , , x2 are the material constants, and p0 ) and p are, respec-

tively the mass density in the undeformed and deformed bodies. The

(4.5) 0s (l-e )

Inserting (4.4) into (4.1) and (4.2), and using (4.5), the linear

constitutive equations are obtained to be

k 1 P s k k M

(4.6) E(s) '1 ( , B M
(( )
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kg Z r kZ kZ k L z

(s) Aer g + 2 +E (S) P(S) ' h(s)
(4.7)

1- (P-ks

Here we have neglected the powers of infinitesimal strain tensor higher

than the first.

In equation (4.7) it is interesting to note that the total stress

tensor t of solid continuum consists of two parts: Th2 first part is

the classical Hook's law, and the second part is none other than Maxwell

stress tensor.

In the linear theory, the forms of the rate of linear momentum

transfer, energy and entropy transfers are (cf. [4])

(4.8) R(e) VU(es)' P (S)

2 + er + e)2 N
(e) -o +8e 0 2 er +0 (er)2

e(e) = 80 (e)) + I U(es) +2 r 3

(4.9)
k 2 2

+ 4ekeki + a5M(S) + 86P(S) + e7U(es)'P(s)

n + (e) 2 r r2
n(e) I- 8lU(es) + Y2 er + Y3 (e)

(4.10)

ki 2 2+ -Y4e ek + YM(S) 6 P(S) + Y7U(es)'P(s)

Material moduli v , r , o to 7 and y o appearing in (4.8) to (4.10)
o 7 1 to 'Y7

are functions of density of electron continuum.

The local Clausius-Duhem inequality imposes the follwing restrictions

on these coefficieints

iI
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0 (s) (e)(1 () " 06 S(e), 62

T1 e ( T

( S) (S)
2 (e) =(e) 0 (e)

0(s) 2 e (s) ' 6(s)
)0 Y

(4.11) a (e) -> 0
e(s)

where it is understood that plus sign is for the solid continuum and the
minus sign for the electrons.

The field equations from (2.2) to (2.28), with constant and equal
temperatures, are given by

'.ne) (AV)=
(4.12) • + div (

(t (e) -(e) "

(4.13) VF+(e) + (e) e - (e) e f(e)-V(e)) v U(es) -T P(s)

(4.14) •t + div ( p(s) Y(s) 0
iat

(4.15) ( X+P )Vu + pV2 u + q(t) + ( B

+V.[ 2 P 'E + M P ~ p E(s 5
-(s) (s) -(s)- 2 -(S)(sg + s) (-s)-"cS)

VU(se) -(s)

t

where q s and (e sre defined by
(S) ~(e) 4

(4.16) qt q -VP2 , el
(s q -(S) (e) (e a(e)

.A,
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In addition, we have Maxwell's equations

(4.17) VxE + --1 0 VxH 1-- + 4 Jl

- c at - c t -C

(4.18) V-D 4-lq , VB =0

where H and D are defined by

(4.19) H- B + 4w Y(s) -(s) - g D E + (s)

P (s -(s) D (s)4f

These eqaations together with corresponding jump conditions may be

used to determine the electromagnetic and mechanical fields completely. 5
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5. EQUATIONS OF ELASTIC CONDUCTORSI To obtain a continuum theory of elastic condu'.tors, we assume that

the inertia and thermodynamic pressure of electronic continuum are

small as compared to the inertia and stress of elastic continuum. Under

these assumptions, by summing equations (4.13) and (4.15) ad neglecting

the electron inertia and pressure, we obtain the field equations of

elastic conductors

2 t *
(5.1) (A + v)VV u u + vV u + qtE + P x B + V.[2P •E + M®B - P Eq]

+ ix B =p(f -

and Maxwell's equations are

DBD
V E - 1 0xH.- 0VxE+ -V H -- +-J

~ c t ' - - cat c-

(5. 2 )

V •D =4q , B 0

where for brevity we wrote

S~(es)
i E E P P M MS-(e)- (S) ' -)' -(s)

(5.3)
f- Ef(s) p F ,(s) E y(s), q = q(C) + q() -(s)

Here, it should be noted that the conduction current i is still an unknown,

but we have the equations of balance of linear momentum for electrons

(5.4) q E V
(e) (e) VU(es) --

Recalling the definition of conduction current and (2.8)1, equation (5.4)

.may be written as

5we
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(5.5) (--L + q E+ i,, = "

e) - - q(e)

The solution of i from (5.5) is found to be

(5.6) i =o E
k, kR.2I

where a is the conductiv.ty tensor given by

2°._• q••.eBtj+-
q

(5.7) Vii [6 [ +J B 2 B + ijk B
B ij 2 1 j B].

1+ V

with X

a0 =q q~(e)X +qe)/v

(5.8) 0 e e

In (5.7), the first term on the right-hand side denotes the current

parallel to the effective electric field, and the second and third terms

give the currents parallel to the magnetic field and perpendicular to

the magnetic and electric fields. The last type of current is known as

the Hall current. As might be seen from (5.7), the conductivity tensor

1k5 is, in general, a function of the magnetic field and the density of

electron gas.

Further simplification of (5.7) results, if the following condition

holds, i.e.,

(5 .9 ) 1 < <I

This condition holds if the gyrofrequency of electrons is small as

compared to the collision frequency v. For this case, the conductivity

tensor reduces to

p. - -

F•
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(5.10) 3i = u1

where o Is c Alle., the conductivity constant.

Iu this case the conduction current becomes

(5.11) ik = a Ek0

and this is none other than the gence.ltzed Ohm's law.

-SA
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6. SPHERICAL CAVITY SUBJECT TO CONSTANT ELECTI&LSTATIC POTENTIAL

In this section we give the solution of a problem concerned with a

spherical cavity subject to a constant electrostatic potential P and

located in an infinite solid plasma. This type of problem, known as

electrostatic probe, is widely used in gasecas plasma to determine certain

characceristics of probes. It is hoped that the solution of this problem,

together with an experiment which can be performed in a manner similar

to gaseous probe, will be helpful in determining the material constants

appearing in the present derivation. Since the problem is electroztati-

in nature, all magnetic and collisional effects are negligible. The

field equations (4.13), (4.15), and (4.18)1, neglecting all the second

order terms, reduce to:

(6.1) -Vs(e) + q(e)E + P(s) = 0

2(6.2) (+ ) • + Vu + q(s)u -' P =0

(6.3).V • D 41q

with

where c is the dielectric constant defined by

-1-- i + I

It is convenient to work with number densities N defined asIa

If

I7
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p ' = -eN
(e) e (e) 'q(e) (e)

(6.5)
P (S) =msN(s) = ZeN(S)

where me, ms e and Z are respectively the masses of a particle in

electron and solid continua, electronic charge, and the number of

SI valance electrons in the stracture of an ionic lattice cell.

In order to proceed further, one must kno, the forms of n (e) and

z. For this particular problem they are assumed to be of the forms

(6.6 i(e) = KO (e)N (e) 'T = e(Z-o)N(S)

where K is the Boltzmann constant, 0 is the electron temperature,
(e)

and a is a new constant which characterizes the interaction between

the ionic lattice and electronic charge.

Introducing the electrostatic potential € (as usual), and using

(6.5) and (6.6) in (6.1) to (6.3), the field equations take the following

S:• form

7) Re, _ eN + e(Z-o)Ns d 0
dr (e) dr (S) = r

(6.8) (d (s) dr (S) dr=

(6.9) V2  = 4- Ce) - ZN

where A is the volume dilatation defined by
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1 d- 2
id(r u)

r

Recalling the relation

0
N(sS) (l -A)

The equation (6.8) may be written as

(6,10) 4 ! + e o
0 dr (s) dr

N(s)

where(S) is the undeformed particle number density of the ienic lattice

:ell.

The equiation (6.10) can be integrated to obtain

I ~(6.11) N A Pe)p[ _..91¢
N(s) "),+2u

AHere A is an integration constant to be determined from the condition

(612 N, N- 0 , as r-

The result is
0

e oNi ~(6.13) N,• N(s) exp[-(•2-•

Inserting (6.13) into eq:tation (6.7),and solving the resulting

nonhomogeneous differential equation for N we obtain

0 0A
(Z-o) (.+2i)N eoN

(6.14) N(e) B exPyK-eI + (S) exp[-(] /

(e) KO(e) (X+2u)+KO oN0 +1
(e) (s)

where B is a constant of integration and may be determined from the

regularity condition

4
N
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0
(6.15) N() N() 0 as r

The use of (6.15) in (6.14) gives tbe electron number density as

0 0
(z-o) (0+2uN (s) e oC*.) e(616 N{S exp[-(-111)4 - exp[Ke-----• W]+11(eexp[ e

Ce) (K+2O)+K N (e)) (e)
(e) (S) -

0
Here N 0 is the initial number density of the electronic charge

(e)

continuum.

If we introduce (6.13) and (6.16) into (6.9), the resultant

ordinary differential equation will be highly nonlinear which cannot

be treated by analytical means. This nonlinear equation can be

simplified by the following arguments which are similar to the one

used in the gaseous plasma, i.e.,
0

(6.17) eI << 1 ,e (S) <1

which states that the thermal energy of electronic charge and the elastic

energy of the ionic lattice are very large as compared to the electrostatic

potential of the medium. This assumption is, in particular, valid at

far distances from the surface of the spherical probc. if this is the

case, one can expand N (e) and N(S) into a power series of 4p. Retaining

only the first two terms of the series and introducing the result intu

e.,uation (6.9), we obtain

(6.18) V = K24
D

2where K is defined by

D
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a 0

2 4ie 2  1 ZaN s) (Z-o))+2iONFK 0.- s(e) (X+2p)+KO oN
(e) Ce) (s)

In obtaining the equation (6.18), we, have required the charge neutrality

at the initial state, i.e.,

0 0
(6.19) NCe) =ZN(s)

In addition, we require that K > 0. This condition is known as the

Bohm shieJ ding criteria.

The solution of (6.18),with vanishing *% at infinity, is given by

-K rD
(6.20) e = r

Here C is a constant of integration which may be deteruined by equating

the potential to the given potential @ at the surface of the probe.

The result is:
-K(r-a)

(6.21) = e
o r

where a is the radius of the metallic probe.

From the definition of dilatation and its relation to the number

density of a solid continuum, one can find the radial component of

displacement satisfying the stress free boundary conditio-n. The final

result is given by

3 2 ea"2 eo¢+(a -KL,(r-a)
Mr 4v X+2jj KD 2 2r K+i2r

K; KrD

(6.22) r2  2
u0 O = 0 -

=a ut n0

SSimilarly, the approxdqm~te number densities are:
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N - eJ ~ ae KD (r-a)

N -N0  e
(S) (s)[l 2a% r

where S is defined as

KO (Z(A+2p) +~~) 0Za(+p
(e) (e) (X+2u)%.+K6 e N (e

From these equations one can evaluate the values of displacement

and the num~ber of densities on the surface of the sphere. These are:

eGO 0 a ea4 c*10
4 a)1 (a) N (I

ura 4t S (S) x-2i

(6.24) 0
N () a) X(e)(I+S

From physical considerations, one expects that

T 2
This requirement is consistent with the one posed for SD.

If the same problem was solved by use of the classical theory of

elastic conductors, the result would be

(6.25) 0 or2

2
which is equivalent to equation (6.21) as vl% approaches to zero.

As a concluding remark, it is worthiuhile to cite that the present

approach not only gives the distribution of electrostatic potential but

S also the variations of the densities of the electronic and ionic species

that form an elastic conductor.

r~k; ý'I
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